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1 Introduction
This paper develops a model of growth and ﬂuctuations that are both driven
by the - from time to time - arrival of new technologies. No matter how the
new technologies arive in the home country, through innovational activities
or by way of imitation, the (intermediate) ﬁrms decide when or whether to
adopt (or implement) these technologies. To adopt a new technology requires
an irreversible investment, depending on the size of the barriers to technology
adoption, and yields a higher average growth rate of productivity for some
(ﬁxed) period of time. Due to the assumed uncertainty in the evolution of
the productivity and the irreversible nature of the investment, there exists
an option value of waiting for better (but never complete) information. This
translates into a critical level of the productivity parameter, such that waiting
is optimal if the actual productivity lies below that level, and investment
takes place as soon as the productivity parameter reaches that level. This
may cause periods of stagnation even if a new technology has already been
developed. Among the factors that determine if or when a ﬁrm adopts a new
∗Address for correspondence: Paul de Hek, Department of Economics, H7-09, Erasmus
University Rotterdam, P.O.Box 1738, 3000 DR Rotterdam, The Netherlands. Tel. +31-
10-408 1423, e-mail: pdehek@few.eur.nl.
†Erasmus University Rotterdam and Tinbergen Institute. Financial support from the
Netherlands Organisation for Scientiﬁc Research (NWO) is gratefully acknowledged.
1technology are: the cost of investment, the proﬁt level, the average growth
rates before and after investment and the degrees of uncertainty associated
with the ’old’ and ’new’ technologies.
The investment-uncertainty relationship is examined by analysing the
probability of investment within some speciﬁed time period as a function of
the two degrees of uncertainty. It is shown, partly by numerical analysis, that
higher uncertainty implies a lower probability of investment except for one
situation. If there is zero possibility that, in the case of certainty, the pro-
ductivity parameter reaches the critical level, adding uncertainty will initially
increase that possibility (until, for higher degrees of uncertainty, the negative
eﬀect will dominate), implying a positive relationship between uncertainty
and investment for relative small degrees of uncertainty.
In this framework, increasing (the size of) the barriers to technology adop-
tion will delay the adoption of new technologies for some (random) amount
of time, possibly extending to inﬁnity. If all ﬁrms are the same, adoption of a
new technology will bring the economy’s growth rate of output immediately
to a higher level. Introducing heterogeneous ﬁrms causes a more gradual
r i s ei nt h eg r o w t hr a t e .T h eh i g hg r o w t hp e r i o di nt h eU S Ai nt h en i n e t i e s ,
for example, may be the result of many ﬁrms exercising their options by
investing in Information and Communication Technology (ICT).
Comin and Hobijn (2004) examine the diﬀusion of more than 20 tech-
nologies across 23 of the world’s leading industrial economies. Their analysis
indicates that the most important determinants of the speed at which a coun-
try adopts technologies are the country’s human capital endowment, type of
government, degree of openness to trade, and adoption of predecessor tech-
nologies. In this paper we try to reconcile (some of) these empirical facts
with the theoretical ﬁndings.
2T h e M o d e l
This section develops a model of growth that is based on the models of
endogenous technological change of Romer (1990) and Aghion and Howitt
(1998, Ch. 3).
2.1 Final-good sector









2where x(i) is the quantity of intermediate (or capital1) good i and LY the
eﬀective units of labor employed to produce ﬁnal output2.A te a c hi n s t a n t ,
the representative ﬁnal-output ﬁrm decides how much of each intermediate
good it rents from the producers of those goods. Maximization of its proﬁts




−β,∀i ∈ [0,1]. (2)
T h ew a g er a t ewY of (skilled) labor used in the ﬁnal-output sector is equal












Each intermediate good is produced by a ﬁrm that has an inﬁnitely-lived
patent on that design (or can in some other way eﬀectively prevent other
competitors from entering the market, without aﬀecting the proﬁtm a x i -
mization).3 To produce x(i) intermediate goods, the ﬁrm in sector i only




where A(i) is the state of the technology or the level of knowledge in ﬁrm i,
and 0 <γ≤ 1 reﬂecting decreasing or constant returns. We assume through-
out this paper full international capital mobility, while labor is assumed to
be immobile. Thus the interest rate r is exogenously given and is equal to the
international interest rate. The proﬁt ﬂow of an intermediate-good producer
is given by










where the second equality follows from the inverse demand function (2) and












1Intermediate goods and capital (goods) are used interchangeably throughout the pa-
per.
2If we deﬁne eﬀective labor or human capital as HY ≡ hLY , and normalize h to 1, this
implies that HY = LY .
3Hence, there is no creative destruction as in Aghion and Howitt (1992).
3and, consequently,







1−γ(1−β).S i n c eLY is constant in equilibrium, π0 is constant. In the
subsequent analysis we assume that η<1, which comes down to assuming
that β>
γ
1+γ.A sβ is labor’s share of income and
γ
1+γ ≤ 1
2, this inequality is
presumably satisﬁed in reality.
The evolution of At(i) is governed by a geometric Brownian motion with
drift αj and standard deviation σj,t h a ti s ,
dA(i)=αsA(i)dt + σsA(i)dz, (8)
where z is a Wiener process and s =0 ,1. Suppose that all ﬁrms have the
opportunity to implement a new and better technology (the process deter-
mining the arrival of new technologies will be described later). The new
technology is assumed to last for a ﬁxed amount of time, say for a period of
length T.A s l o n g a s a ﬁrm does not implement the better technology the
drift and standard deviation are resp. α0 and σ0.I ft h eﬁrm implements the
better technology, the drift and standard deviation are resp. α1 >α 0 and
σ1 ≶ σ0 for a period of length T. (More realistically?, α1 should gradually
decline, reﬂecting decreasing returns. Too diﬃcult to model, hence, constant
α1 for a restricted period...However, learning-by-doing may induce an oppo-
site eﬀect...) To implement a better technology, a ﬁrm has to pay a ﬁxed
cost I, which is irreversible. Hence, the ﬁrm has to decide if and when it will
make the investment to beneﬁt from the better technology.
The value of the ﬁrm W(A), represented by the total discounted stream
of proﬁts, is given by the functional equation





−rdtE [W(At + dAt)]}. (9)
This equation says that the value of the ﬁrm is equal to the maximum of
’total expected proﬁts if the ﬁrm decides to implement the new technology
at time t’ and ’total expected proﬁts if the ﬁrm decides to wait’. The function
ΩT(.) represents the expected total discounted stream of proﬁts during the

















where α1(η)=α1η + 1
2σ2
1η(η − 1),w i t hr>α 1(η). The solution to the
functional equation (9) is in the form of a critical value of At,s a yA,s u c h
4that waiting is optimal for At < A and investing is optimal for At > A.T h i s
















where α0(η)=α0η + 1
2σ2
0η(η − 1) and the parameter β1 > 1 is a root of the
quadratic equation associated with the optimization problem. For an optimal
critical value to exist, the restriction α1(η) >α 0(η) is imposed, implying that
the present discounted value of proﬁts from the new technology is higher than
the present discounted value of proﬁts from the old technology.
















The left-hand side of this equation represents the critical value of the new
technology relative to the old one - depending on the diﬀerence between the
n e tp r e s e n tv a l u e so ft h et w op r o ﬁt streams, adjusted for the duration of the
high-growth period - at which it is optimal to invest. According to above
equation, this critical value is higher (since β1 >η ) than the cost of invest-
ment, I: uncertainty and irreversibility drive a wedge between the critical
value and I (see e.g. Dixit and Pindyck, 1994, p.142). Naturally, A,t h e
critical technology level, decreases with lower costs of investment, I,a n da
longer duration of the high-growth period, T. Moreover, the critical technol-
ogy level also decreases due to a higher proﬁt level π0, and a lower expected
growth rate during the ’low growth’ period, α0 (which aﬀects the critical
value also through β1). The eﬀects of α1 and σ1 are more complicated, as
these involve both a positive and a negative eﬀect through α1(η). However,
it is easy to show (see the proof of Proposition 1) that an increase in α1(η)
lowers the critical technology level. This implies, in accordance with intu-
ition, that (i) ah i g h e rα1, i.e. a higher expected growth rate resulting from
the new technology, facilitates the adoption of the new technology, while (ii)
ah i g h e rσ1, i.e. more uncertainty regarding the productivity of the new
technology, raises the critical level of the technology. Notice, for example,
that no adoption will take place if σ1 is too high - in the sense that A →∞
if α1(η) reduces to α0(η),o rA does not even exist if α1(η) becomes less than
α0(η), meaning that the proﬁt stream from the old technology is higher than
the proﬁt stream from the new technology. Finally, the level of uncertainty
during the ’low growth’ period, σ0, has an ambiguous eﬀect4 on A,d u et o
4This is diﬀerent from Dixit and Pindyck (1994), where the eﬀect is unambiguously
positive. This is due to the fact that η<1 (as opposed to η =1 ).
5opposing eﬀects on A through β1 (positively) and α0(η) (negatively). These
results are summarized in Proposition 1.



















The eﬀect of σ0 on A is ambiguous.
Proof. See appendix.
We assume that I depends on the economy’s level of production say, at
the moment of invention (see Jovanovic 1997, ...) and the size of the barriers
to technology adoption (as in Parente and Prescott 1994). In particular,
I = ι(...)Yv,v = v1,v 2,... (13)
where ι d e p e n d sp o s i t i v e l yo nt h ev a r i o u ss i z e so ft h eb a r r i e r st ot e c h n o l o g y
adoption.
2.3 Research sector: Innovation
Labor L can be used either in the ﬁnal output sector, LY,o ri nt h e( b a s i c )
research sector, LR. The objective of research is to develop new ideas or new
technologies, that enable the ﬁrms to increase their productivity. Research
is an uncertain activity which is modeled by the Poisson process q.T h e
probability per unit of time dt of successful research is given by λdt,w h e r eλ
is the arrival rate of the process q. This arrival rate is an increasing function
of the amount of labor employed in the research sector, i.e.,






6with λ0 > 0 and 0 <φ<1.
Suppose that basic research is ﬁnanced by the government. Then we have
(1 − τ)wRLR = τY, (15)
where wR is the wage rate in the research sector and τ a ﬂat-rate tax on
output (representing that part of the tax rate that is used for ﬁnancing










Since L = LY +LR, the amounts of labor employed in the ﬁnal output sector



















Hence, the arrival rate of new technologies increases with the tax rate (i.e.,
the ﬁnancial resources allocated to research) and decreases with labor’s share
of income, β.
2.4 Households
The budget restriction for the representative household reads
·




With the use of equations (1), (2), (3) and (5), this budget restriction can
be rewritten as
·
b + c = Y + r(b − k), (21)
with k =
R 1
0 k(i)di.T h e t e r m b − k represents net foreign assets. Hence,
income of the representative household, Y + r(b − k), is higher (lower) than
total production in the economy, Y , if he saves more (less) than the ﬁrms
invest.
73 The rate of growth














If all ﬁrms are identical (or start at the same point), that is, if A(i)=A,








s]dt + ησsdz, (23)
with s =0 ,1. Then, the going average rate of growth is either g0 ≡
ηα0 + 1
2η(η − 1)σ2
0 or g1 ≡ ηα1 + 1
2η(η − 1)σ2
1. Suppose that at time v1
the research sector has invented a better technology. The (identical) ﬁrms
have, consequently, from that time on the opportunity (or option) to imple-
ment this technology. Depending on the probability of investment, the ﬁrms
wait on average a certain amount of time before they make the investment.
During this waiting time, say stage 1, income grows at the rate g0. Then, in
stage 2, due to the better technology, the growth rate is g1.A f t e rt h i sﬁxed
period of lenght T, the growth rate returns to the lower rate g0 in stage 3, un-
til the invention of a new technology (at time v2)b r i n g su sb a c ka tt h es t a r t
of stage 1 and the whole process starts again. This process is shown in ﬁgure
1.S i n c eλ is the arrival rate of new technologies, the average time between
two inventions is λ
−1. Moreover, since stage 2 lasts T units of time, stages
1 and 3 together last λ
−1 − T units of time. Thus, provided that stage 2 lies
within the interval [v1,v 2],t h el e n g h t so fs t a g e s1 and 3 are resp. ε(λ
−1 −T)
and (1−ε)(λ
−1−T),f o rs o m eε, depending on the probability of investment.
Given that Y = Y0 at time v1, the expected value of Y at the end of stage 1
is then equal to (see Dixit and Pindyck 1994, Chapter 3, section 3A)
E[Y1]=Y0e
g0ε(λ−1−T), (24)
the expected value of Y at the end of stage 2 is equal to
E[Y2]=E[Y1]e
g1T, (25)
and the expected value of Y at the end of stage 3 is equal to
E[Y3]=E[Y2]e
g0(1−ε)(λ−1−T). (26)
8Together, these three equations imply that
E[Y3]=Y0e
g0(λ−1−T)+g1T. (27)
To ﬁnd the average growth rate e gv over the three stages, notice that if the
growth rate had been the same over the whole period the expected value at
the end of stage 3 would be E[Y3]=Y0ee gvλ−1
, implying that
e gv = g0(1 − λT)+g1λT. (28)
Hence, the expected growth rate over the cycle is a weighted average of the
two growth rates g0 and g1, where the weights are resp. (1−λT) and λT.A s
you would expect, both an increase in λ, the rate at which new technologies
are invented, as well as in T, the length of the ’high growth’ period, induces
ar i s ei ne gv.
The expected growth rate over the cycle as derived above presumes that
adoption of the new technology will take place before another new technology
is invented. However, this need not be the case. Some technologies may never
be adopted, as the critical value is not reached in time. This depends on the
probability of investment. To ﬁnd the probability of investment, we rewrite
the critical value on the technology level (equation 11) as a critical value on












w h e r ew em a d eu s eo ft h ef a c tt h a tY = BAη (where B follows from equations
1a n d6 ) .L e tΨ > 1 (if Ψ ≤ 1, adoption will always take place immediately).
The probability that Yt = Yv (< Y ) reaches the critical value Y within the
time period λ
−1 is given by
Pr(Yt ≥ Y | λ
−1)=Φ
Ã

































where Φ(.) is the area under the standard normal distribution. Since the
probability is taken at the time of an invention (such that Yv = Yt)t h el e v e l
of production has no inﬂuence on this probability. Denote this probability
by Pr(Inv). Then the expected growth rate, e g,r e a d s
e g =P r ( Inv)[g0(1 − λT)+g1λT]+( 1− Pr(Inv))g0. (30)
93.2 Heterogeneous ﬁrms
If ﬁrms are heterogeneous, the transition from a low growth situation to a
high growth situation will be more gradual as some ﬁrms will invest early
while others will invest at a later stage (or not at all).
Let ψt denote the fraction of ﬁrms in state 1,a n d1 − ψt the fraction of



















The average growth rate, then, will slowly shift from g0, the going average
growth rate when no ﬁrm has invested yet, to g1, the going average growth
rate when all ﬁrms are enjoying high growth, or to some growth rate between
g0 and g1, if not all ﬁrms will invest in the new technology.
4 The impact of uncertainty
4.1 The investment-uncertainty relationship
To assess the eﬀect of uncertainty on investment (and, hence, on the growth
rate), one may look at the probability that investment will take place within
as p e c i ﬁed time period (see Sarkar, 2000).
The probability that At(< A) reaches the critical value A,t h a ti s ,t h e
probability of investing, within some time period τ is given by
Pr(Inv)=Φ
Ã

























where Φ(.) is the area under the standard normal distribution.
T h e r ea r et w op a r a m e t e r st h a tr e ﬂect uncertainty, σ0 and σ1.T h ee ﬀect
of σ1 is clear: If σ1 increases, total discounted proﬁt sf r o mi n v e s t i n gg od o w n ,
which increases the critical value A, which in turn decreases the probability of
investing, Pr(Inv).T h ee ﬀect of σ0 is more complicated. First, a change in σ0
aﬀects the critical value through two channels, negatively through the total
discounted proﬁts from not investing and ambiguously through β1. Second, it
also aﬀects the probability of investing directly, as can be seen from equation
(32). Numerical simulations mainly indicate a positive eﬀect. It is also
10interesting to analyse the joint eﬀect in which σ0 and σ1 both increase due
to some underlying reason. If we assume that σ1 = sσ0,w i t hs>0,w eﬁnd
that increasing uncertainty lowers the probability of investment, except for
one case. If σ0 =0 , the value of the shock either reaches the critical value or
not (with probability 1). In the latter case, the probability of investment is
therefore 0.T h i si m p l i e st h a tPr(Inv) initially increases (but after a certain
point it becomes a decreasing function of volatility). See ﬁgure 2 for an
e x a m p l eo ft h i sc a s e .
4.2 The growth-uncertainty relationship
Eﬀect on growth can be analysed using equation (30). Only in the case of
σ1 an unambiguous result obtains: increasing the uncertainty concerning the
new technology - the one that is considered to be adopted - induces a fall in
the average growth rate e g. The other two cases, i.e. σ0 and the joint eﬀect,
are characterized by ambiguity.
5 Discussion
This paper has developed a model of growth and ﬂuctuations that are both
driven by the (random) arrival of new technologies. At the time a new
technology is invented, ﬁrms have the option to adopt this technology. Due
to the uncertainty in the evolution of the productivity and the irreversible
nature of the investment needed for implementation of the new technology,
there exists an option value of waiting for better information. This translates
into a critical level of the productivity parameter, such that waiting is optimal
if the actual productivity lies below that level, and adoption takes place
as soon as the productivity parameter reaches that level. This may cause
periods of stagnation even if a new technology has already been developed.
The main factors that determine if or when a ﬁrm adopts a new technology
are: the cost of investment, the proﬁt level, the average growth rates before
and after investment and the degrees of uncertainty associated with the ’old’
and ’new’ technologies.
The introduction mentions some determinants of technology adoption as
found in empirical research, i.e., a country’s human capital endowment, type
of government, degree of openness to trade, and adoption of predecessor
technologies. Consider ﬁrst the level of human capital. Remember that LY
represents the human capital level in the economy. It is easy to show that
a higher human capital level implies a higher basic proﬁt level, π0,w h i c h
according to Proposition 1 induces a lower critical value of productivity,
11A. This, obviously, speeds up the adoption process. Other ways in which
the level of human capital may inﬂuence the timing of technology adoption -
which are not explicitly modeled in this paper - is through a presumed impact
of the level of human capital on the productivity of the new technologies, i.e.,
through g1, or alternatively through a reduction in the costs of adoption, I.
The fact that the adoption of predecessor technologies speeds up the
adoption process can also be explained by the present model. If a ﬁrm or
country has implemented the predecessor technology its level of productivity
is on average higher than if it did not implement the technology, which im-
plies that the probability that the ﬁrm or country will adopt the successor
technology is higher.
To explain the eﬀect of type of government and the degree of openness to
trade, we appeal to their respective eﬀects through the barriers to technology
adoption which aﬀect the costs of adoption.
6A p p e n d i x
6.1 Solving the functional equation
To solve for the value function, suppose that A is such that not investing in
the new technology is optimal, i.e.,
W(A)=π0A
η +( 1+rdt)
−1E [W(A + dA)],
where e−rdt is approximated with (1+rdt)−1.E x p a n d i n gi tb yI t o ’ sL e m m a















where πNI = π0
r−α0(η) and c is still to be determined. The parameter β1 is the





0β1(β1 − 1) + α0β1 − r =0 ,
5The term involving the negative root cancels due to the boundary condition W(0) = 0























The fact that β1 is larger than η can easily be shown by inserting β1 = η
in the quadratic equation above. Since r>α 0(η), this yields a negative
outcome, implying that η<β 1.
Given this solution (33), we can determine the expected value of the value
function at time t + T,































As shown by Dixit and Pindyck (1994, Chapter 4, Appendix B), the case












is monotonic in A. Given the expression for Ω(At), it turns out that it is
decreasing. This implies that there exists a critical value of At,d e n o t e db y
A (still to be determined), such that waiting is optimal for At < A and
investing is optimal for At > A.
Following Dixit and Pindyck (1994), we impose two boundary condi-
tions which determine c and A. The two conditions are the so-called ”value-
matching condition”
W(A)=Ω(A)


















(1 − e−(r−α1(η))T)[πI − πNI]
#1/η
,
where πI = π0
r−α1(η).
136.2 Proof of proposition 1
The eﬀects of I, T,a n dπ0 are obvious.
The derivative of A with respect to α0 consists of two parts, i.e., α0
aﬀects A through α0(η) and through the value of β1.T h e ﬁrst eﬀect is
clearly positive, the second eﬀect depends on
∂β1
















Hence, an increase in α0 implies a decrease in β1 which leads to an increase in
β1
β1−η resulting in an increase in A. Both partial eﬀects are therefore positive,
inducing an overall positive eﬀect.
The derivative of A with respect to σ0 also consists of two parts as σ0
aﬀects A through α0(η) and through the value of β1.T h eﬁrst eﬀect is clearly

























The fact that this derivative (with respect to 1/σ2
0) is positive can be easily
checked (this result holds since r>α 0). Thus, an increase in σ0 reduces
β1resulting in an increase in A. Since both eﬀects go in opposite directions,
the total eﬀect is ambiguous.






























(r − α1(η))2 − T
·
α1(η) − α0(η)
(r − α1(η))(r − α0(η))
¸¾
.

















Notice that this inequality holds for all T if the derivative with respect to
T of the left-hand side evaluated at T =0is higher than or equal to the
derivative of the right-hand side with respect to T, since left-hand side is an
exponential function of T, while the right-hand side is a linear function of T.
Thus, the derivative of A with respect to α1(η) is positive if






which, by assumption, is true.
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